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The class of self-mappings of a metrizable space which are contractions under at least one complete 
metric is shown to include a subset of the local contractions. The required metric is constructed in a 
sequence of steps. 



1. Introduction 

The contraction theorem of Banach remains the most 
fruitful means for proving and analyzing the conver- 
gence of iterative processes. For this reason, exten- 
sions of the theorem are of continuing interest. The 
present paper describes ^ome extensions to a class of 
functions called local contractions. 

For completeness, we include here a resume of the 
relevant definitions. A metric space (X, p) consists 
of a nonempty set X and a nonnegative-valued function 
p defined on Z X A" and satisfying 



p(jc, y) > i( X 7^ y, 
pU, x) = 0, 

p{x, z) ^ p{x, y)-\-p{y, z), 
pU, y) = p{y, x). 



(1) 
(2) 
(3) 

(4) 



Convergence of a sequence {xn} of points in Z to a 
point xeX is defined by p(xn^ x)^0, and is denoted 
Xn~^ X. A sequence {xn} is called a Cauchy sequence 
if, for every fixed m, p(xn, Xn+m) ~^ 0. If every Cauchy 
sequence is convergent, then {X, p) is called a com- 
plete metric space. 

Consider a function f:X^X. For any xeX, there 
is defined the sequence of iterates x^f[x) = X\,p'{x) 
— /(^i) — ^2, etc. These can be interpreted as the out- 
puts of successive steps in an iterative process. The 
sequence of iterates consists of only a single point, if 
and only if the starting point ;c is a fixed point of /, 
\.e.,f{x) = x. 

A contraction on {X, p) is a map/:Z— >Z for which 
there exists a constant X, ^ X < 1, such that 



p(f(x),f{y))^kp(x,y) 



(5) 



for every x, yeX. Banach's contraction theorem, of 
which a proof may be found in [IJ,^ asserts that if/ is 
a contraction on a complete metric space {X, p), then 
(i) / has a unique fixed point ^, (ii) for every xeX the 



sequence of iterates f^{x)- 
ence is geometric, in fact 



^, and (iii) the converg- 



p{f^{x\ ^) < \"p(-^, ^). 

The assurance of a geometric rate of convergence is 
what makes this theorem so valuable in discussing 
iterative processes. That a function has a fixed point, 
or even that the iterates of every point converge to 
the fixed point, is not sufficient information for some 
applications. If, however, one can show that the 
function is a contraction, then the theorem can be 
applied and geometric convergence can be inferred. 

In this paper, we show that some functions, which 
are not contractions on (X, p), can become contractions 
with suitable new metrics p which are topologically 
equivalent to p, i.e., ones for which 



p{xn, x)^0 if and only if p(x/,, :x)^0. 



(5') 



Our general aim is to determine classes of functions 
/ for which such remetrizations are possible.- Note 
that we want (X, p) to be complete whenever {X, p) 
is, so that the contraction theorem will be applicable 
after the remetrization. Conclusion (i) of that theorem 
has the same significance for {X, p) as for (X, p), and 
the same is true of conclusion (ii) by virtue of (5'), but 
geometric convergence in {X, p) need not imply geo- 
metric convergence in (X, p) so that some care in 
interpretation might be required. However, our 
constructions do in fact preserve ''ultimately geometric 
convergence" of sequences. 

2. Results 

The following definitions are required for the state- 
ments and proofs of our results. A function/: A'^A' is 
a local contraction (I.e.) if there exist real-valued func- 
tions fji{x), \{x), with p.(^) > and 0<\(x)<l, such 
that whenever y, z are in the sphere 

S{x, fM{x))={u:p{x, u) ^M-x)} 



' Figures in brackets indicate the literature references at tii< 



^1 wish to thank A. J. Goldman (NBS Operations Research Section) for first suggesting 
this problem and for his continuing interest and suggestions as to content and exposition. 
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it follows that 



following (Txy with ayz gives a ctxz for which we have 



p(Jiy\f{z))^Hx)p{y,z). 

If iJi(x) (resp. X{x)) is constant, we have a />c-(resp. k-) 
uniform local contraction (u.l.c). If both are constant 
we have a ^t, X- u.l.c. 

A chain CTxy is a finite set of points [:r = :i;o, Xi, . . . , 
Xn = y\ its length is 

n 
L{o-xy)=^p{Xi, Xi-i) 



and its mesh is max p{xi, xi-i). The collection of all 

i 
chains beginning at x and ending at y is denoted Xxy, 
while the subcoUection ofXxy consisting of those chains 
of mesh ^ /x is denoted Xxy/x- {X, p) is called jx-chain- 
ahle if Xxyix is nonempty for every x. yeX. 

Theorem 1. Let i he a ^, X-u.l.c. on the fx.-chain^ 
able metric space (X, p). There exists a metric p 
topologically equivalent to p under which i is a con- 
traction. Also (X, p) is complete whenever (X, p) is. 

Theorem 1 can be regarded as an "explanation," 
from the viewpoint of remetrization, of a result in 
[2]; our proof for it is largely a rephrasing from this 
viewpoint of the corresponding argument in [2]. 

Corollary 1.1. Ifi is a local contraction on com- 
pact (X, p), then f is a u.l.c. on (X, p), and so theorem 1 
applies if (X, p) is ix-chainable for every fi > 0.^ 

Theorem 2. Let f, a /x-u.l.c. on the jju-chainable 
metric space (X, p), possess a fixed point ^. Then for 
each xeX, the sequence of iterates f"(x)— > f with ulti- 
mately geometric convergence. 

Theorem 3. Under the conditions of Theorem 2, 
there is a metric p topologically equivalent to p and 
complete if p is, such that i is a contraction on (X, p). 

Theorem 4. Let f, a local contraction on a com- 
plete metric space (X, p), possess a fixed point ^, and 
suppose for each xeX, the sequence of iterates f"(x)^^. 
Then there is a complete metric p topologically equiva- 
lent to p such that f is a contraction on (X, p). 



3. Proofs of Theorems; Examples 

3.1. Proofs of Theorem 1 and Corollary 1.1 
To prove theorem 1, we introduce 



p{x, z) ^ LicTxz) = L{(Txy) + L(cry 



p{x, y) = inf {LiCFxylCTxye^xyn} , 



(6) 



which is well-defined for all x, yeX because (Z, p) is 
)Lt-chainable, and obeys (4) because cTj-^'s are just (Tyx's 
read backwards. The triangle inequality (3) holds 
for p because given x, y, zeX and any 8 > 0, we can 
choose a CTxy and a (Tyz for which 

Lio-xy) < p{x, y) + 6, L{(Tyz) < piy, z) -h 8; 



-p(x, y)+p(y, 2) + 28. 



The triangle inequahty for p shows that p{x, y) 
^ p{x, y), and so p satisfies the ''positive definiteness" 
requirement (1). To complete the proof that (Z, p) 
is a metric space, we show that p(;c, x) = by setting 
x = y m 



p{x, y) = pix, y) if p{x, y) ^ /x. 



(7) 



which is true because the chain [x, y]el,xyn if p{x, y) 
^ /x. Since p(x, y)^p{x, y), (7) also applies when- 
ever p(x, y) ^ jji. 

From (7) we see that p and p are "identical in the 
small" and thus surely topologically equivalent; also 
that (Z, p) and {X, p) have the same Cauchy sequences, 
so that the first is complete if the second is. 

It only remains to show that f:X^X, which by 
hypothesis is a /x, X-u.l.c. on (X, p), is a contraction 
on (Z, p). To any chain 



crxy = [x = Xi), Xu . 
we can associate the chain 

f{(J,y)=[f{x)=fiX,),f{Xl). 



x„ = yJeSj 



,/fc)=/(y)]e2 



Because \ < 1 and /is a /x, \-u.l.c., we have 

(Txye^xyfji impheS f{axy)el.Jlr)J{y)^. 



'f(j-)f{y)' 



(8) 



For any x, yeX and any 8 > 0, axy€^xyn can be 
chosen so that 

LicTxy) ^pix, y)-^8. 

Using the hypothesis on /together with (8), we have 

p(fix)J{y)) ^ Lifio-xy)) ^ mo-xy) ^ Xp(x, y) + X8. 

Since 8 is arbitrary, /is indeed a contraction on (Z, p). 
To prove the corollary, let / be a local contraction 
on compact {X, p), with associated functions /Lt(x) and 
k{x). The collection of open spheres 

{S%x,iJi{x)):xeX} 

covers X, and so some finite subcoUection 

{S%Xi,fJiixi)):l^i^n} 

also covers X. Let 



\= max X{xi). 
i 



For each xeX, set 



^ A first proof of this was given by J. Levy of the Operations Research Section. NBS. 



IJi'{x) = min {iJL{xi) — p{xi, x):x€S%Xi, ^fe))}. 
i 
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Then if y, zeS^x, iJi'{x)) it follows that y, zeS^ixi, /x(x,)) 
for some i and therefore that 

pif(y)J{z)) ^ Mxi)p{y, z) ^ Xp(y, z). 

Thus / is a X-u.l.c. on {X, p) using ^t'W; since /Ji'ix) 
is a continuous positive-valued function on the compact 
space {X, p), it has a positive minimum /xo- Then /is 
a jLLo, A.-U.1.C. on {X, p), as desired. 

Note that when theorem 1 is applicable, the "geo- 
metric convergence" conclusion of the contraction 
theorem is maintained; that is, the contraction theorem 
applied to {X, p) gives geometric convergence in 
f^(x)-^Xo^ but by virtue of (7) this implies "ultimately 
geometric convergence" in {X, p). 

The requirement of /x-chainability is unnecessarily 
restrictive but we defer further elaboration until after 
the proofs of the remaining theorems. 

3.2. Examples 

Our first example is a simple illustration of theorem 
1. Consider the circular arc described in the complex 
z-plane by 

J--{exp(iO:0^^^ 377/2}, 

and let {X, p) consist of X with the metric induced by 
that of the Euclidean plane. The map/:Z— >Z given 
by 

/(exp (i^)) = exp {itjl) 

is not a contraction since 

I exp (i37r/2)-exp (0) | < | exp (t37r/4)-exp (0/2) |, 

but it is easily shown to be u.l.c. Thus [X, p) admits 
a remetrization which makes /a contraction; the most 
obvious such metric, which is in a sense the hmit as 
/x^O of the one obtained from theorem 1, is 

p(exp (it\), exp (^2))= |^i — ^2!. 

The second example shows that if (Z, p) is connected 
but not compact, and if /is only a p,-u.l.c., then one 
cannot guarantee a remetrization under which the 
contraction theorem becomes applicable. Let 
Z = [l, 00) with the usual metric p{x, y)=|:^ — y|, and 
let /:iL->Z be defined by 

f{x) = x-\-x''^. 

Then /has no fixed point, and so cannot be made into 
a contraction on a complete {X, p). To show that /is 
a /x-u.l.c. for arbitrary p > 0, we observe that if y, 
zeSix^ p) with y < z, then 



[fiz)-f{y)\ 



= \z- 



.y-y-l 



\l-iyz)- 



\\-{x + fJi)- 



Analogously, a X-u.l.c. on a complete connected 
metric space may not admit application of the con- 
traction theorem after any remetrization. Examples, 
too lengthy to repeat here, are given in [3], [4]. 

3.3. Proof of Theorem 2 

Let ^ be a fixed point of/, a p-u.l.c. of {X, p) with 
associated function X(x). We shall show that for any 
xeX, there is a positive integer k(x) such that 
f^'^\x)eSi^,fJi). For k^k{x), assuming /^^eSl^, p), 
we will then have 

pif'^Hx), ^ M^)piJHxh ^) 

and sof^'+\x)€S{^, p). Thus for k ^ k{x) 

and the theorem follows. 

Given xeX, choose cr^x^X^xtJi with mesh r < p. If 
none exists then consider /(cr^j) which certainly has 
mesh less than p, and proceed as below. Let the 
points of this chain be ^^Xo, x\^ x^^ . . ., Xn = x. 
Choose j so large that if \ = X(^), then 

XV<(/^-t)/2. 

Then since X\eS{^, /jl), we have 

p{JHx^).^)<ifji-T)l2 (9) 

and fKx\) precedes /U2) in the chain fKcr^x) which 
runs from ^ to fj(x). Also 

p{fHx,)J'J(x2))<r; 

from this and (9) it follows that fHx2)eS{^, p). Then 

p(/^%2), < k^p{J'J(X2). ^) < (P - T)/2 (10) 

and f^J{x2) precedes pKx^) in the chain pj{(r^x)- Argu- 
ing as above leads to /^•^to)eS(^, p), and so on; we 
obtain y^^-i%)=/"-i%n)eS(^, p) and so can take 
k{x) = {n-l)j. 

3.4. Proof of Theorem 3 

This proof is based on a construction due to L. Janos 
[5]. We begin by setting 

Pl{x, y) = inf {LicTxy): CTxyeXxyfx]; 

from the proof of theorem 1 it follows that pi is a metric 
topologically equivalent to p. Moreover pi{x. y) 
= p{x, y) if p(jc, y) < jJi and in particular this holds if 
X, yeSi^, p/2). It need not be the case that /is a con- 
traction on {X, pi). However, because / is a p-u.l.c. 
we have f&xyp) C Xf{x)fiy)n and so we can at least de- 
duce that /is nonexpanding on {X, pi), i.e.. 



so that X{x) = 1 — (:r + p) ^ works. 



Pi{f{x)J{y))^p,{x.y). 



(11) 
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Again if x, yeS{^, ju./2) then we even have 

P.(/W,/(r)) = p(/'W,/(y)) 

^X(i)p{x,y) = mPiix,y)- (12) 

For the second step in the construction, define 
Co = S(^, W2) 
and set C, =/->(Co), C;=f-\Ci)=f-HCo), etc. Then 
f{Cj+i) C Cj for 7= 1, 2, . . ., and by theorem 2 



For all X, define 



X= U Cj. 





n{x) = m{ {j'.xeCj}. 



By theorem 2 this is well defined. Next set 

c{x, y)= max {n(:x), Ai(y)}, 
and 

Finally, set 

P'zix, y) = X~^^^' ^^Pi{x, y). 

Then pz satisfies the requirements for a metric except 
possibly the triangle inequality. In particular 



P2{x, y) ^pi(x, y). 



(13) 



First note that p{x, y) ^ pi{x, y) follows from (13) 
and the triangle inequality for p-z. Clearly p{x, y) 
= {piy, x), p(y, x)> if X 7^ y, and p{x, ^) = because 
P'zix, :*:) = 0. That the triangle inequality (3) holds can 
be shown as in the proof of theorem 1. Hence {X, p) 
is a metric space. For each (TxyeXxy we have f{<Jxy) 
€^jlx)Ay) a^d from (14) it follows that 

L2{f{0-xy))^kL2(crxy). 

Hence p{f{x),f{y)) ^ kp{x, y), i.e., /is a contraction on 
{X,p) with k = k(^)< 1. 

It remains to show the equivalence of p and p. Note 
first that p\Cq = p\Co which already guarantees, by 
theorem 2, that convergence to the fixed point ^ is 
ultimately geometric. We already have p{x, y) 
^ pi(x, y) ^ p(x^ y) so that we merely need show that 
convergence to xeX— {y:p{y,^) < ^2} wkh respect to 
p implies convergence with respect to p. We show 
this by demonstrating that for each point xeX—{y: 
P(y, f) "^ P^l"^} there is some sphere of positive radius 
centered at x, the points y of which obey 



P2(x, y) ^ \ 



-{n(x)^\)j- 



•pi(:^,y) = X-("(^^+i^p(x, y). (16) 



To see this, notice that /"(•^H^)€Co and hence f'^-'^^Kx) 
^{y-'Piy^ ^)^X/>l/2}. If not x=f{x), xi=f{x), xz 
=f{xt)=f'(x\ . . .,Xn(xHi=/'^'^^^H:^), then by a simple 
continuity argument for /"(•^)+i there exists a sphere 
S = S{x, rix)) centered at x with radius r{x) and a sphere 

Sn(x)+l = S{Xnix)+U r{Xn{x)+l)) SUch that SnixHlCCo, 

and /'(-)^i(5) C SnixHi^ Thus for yeS, n{y) ^ n{x)^ 1. 
If now p{x, y) < min {r{x), fx} then p{x, y) = pi{x, y) 
and (16) holds. Finally since p{x, y) ^ pzix, y) we 
have the desired result. It follows from the above 
that completeness is also preserved. 



3.5. Proof of Theorem 4 



Before proceeding to the third step we show that 

n(f(^\ H^r\\^\n(r ^A (M\ ^^ ^^^^^^ ^^^ Co = {y I p(y, ^) ^ pt(f )/2} , Cj=/-J(Co), 

P2i/W,/iy)j -^ ^P2[x, y). (14) J ^ Q ^^g^ ^^^^^ ^(^^ ^^^ ^^^^ ^^ ^g^ -^ theorem 3. 

The first step in the construction of p is to define a 
In fact this follows from (11) and (12) for jc, yeCo, and metric p such that /is nonexpanding on {X, p) that is 
otherwise from the observation that n{f{x))=n{x) — l, 



if xeX-Co, so that c(/(x), f{y)) = c{x, y)-l if either 
jc or y is in X — Cq. 

For the third step, associate with each chain 



the length 



and define 



0-xy=[x = Xo, Xi, . . .,Xn—y] 



L2{(Txy)=^ P2{Xi, Xi-i) 



(15) 



p{x, y) = inf {L2{0-xy)'0-xy^^xy} • 

We shall show that p is the metric required in theorem 
3. 



p{f{x\Ay))^p{x,yy (17) 

To this end let 

pix, y) = max {p{fHx\ /"(y)), ^ n}. 

Note that this is well defined since c{x, y) is finite. 
Also p satisfies (17). To show it is a metric notice 
that p{x,, y)^p{x, y) and p(x, x) = 0. For the tri- 
angle inequality observe that for any x, y, and z and 
for all Ai ^ 0, 

p{fKx)J'iy)) ^ p{f^x\ V\z)) + p(f^\z\f\y)) 

^p(x, z)^p{z, y) 

from which the result follows. 
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It remains to demonstrate the equivalence of p and 
p. We have p{x, y) ^ p{x, y) and from the definition 



p|C() = p|C(). 



(18) 



Let xeX-{y\p{y, f) < /x(^)/2}. (The continuity of the 
iterates/' guarantees that for any r] < /x — p(/'^-'"^+'W, ^) 
there is a 8 > such that p{x, y) < 8 imphes p{fi{x), 
fiy)) < V for ally ^ ^M ^^d hence for all subsequent; 
as well). This then implies the equivalence of p and p 
everywhere. 

To complete the theorem define 

p(x, y) = M^)~''^'^'^^Pix. y), ' 

and if L{axy) is defined analogously to L{axij) set 

p{x, y) = inf {L(cr^,y):o-.r//eSj-.v}. 

The proof is now a repetition of part of that of theorem 
3. 



4. Extensions 

We can now elaborate on the remark made after 
theorem 1. We need not restrict ourselves to p.- 
chainable spaces. It is sufficient to examine the 
/x-chainable components, i.e., the maximal /x-chain- 
able subsets of any space and to treat several cases. 

Formallv let {C«: aeA} be the collection of /x-chain- 
able components of X. A p-uA.c. f:X-^X induces a 
mapf:A-^A as follows: 

f{a) = a\if(Ca)CC^. 

Notice that /is well defined since /preserves /x-chains. 
Let 

B^ = {beA:fib) = b}, 

B,= {beA:p{b) = bjm^b-A^j<k}(k = 2,3,. . .), 

A^={aeA :fj{a) = beB^ for some j ^ 0, 

dLYidf'iaHBkfor p<j}, 

Xg=U {Ca'.aeAf^}. 

C= {aeA:fi{a)eA - U Bu\ for all; ^ 0}. 

Note that 

A^C\^h {At^r.beB,}. 

We shall consider 3 cases. For a subset of the form 
XI, we shall demonstrate a metric />* such that / is a 
contraction on (X^, p*), where here /is either a p, k- 
u.l.c. or a jLt-u.l.c. For a subset of the form X^ with 
A; > 1, we shall show for a p, X-u.l.c, that/^' is a con- 



traction on a suitable subset and that / has certain 
periodic properties. Finally we show that for all 
other subsets of X no such results are possible. 

We begin with subsets of the form XI . Notice that 
by construction X], and Z/^ are disjoint unless b = b'. 
For definiteness we shall restrict attention to an / 
which is a p, X-u.l.c. on {X, p) with the understanding 
that similar results hold for a jit-u.l.c. We have then 
a collection of pt-chainable components {Co; aeAj^} 
such that f{Ch) C Ch and fi(O') C Ci, for each aeAl and 
some j=j{a) ^ 0. By theorem \,f\Cf, is a contraction 
for the metric p-.C^xCi,^ R (reals) defined by 

P{X, y) = inf {L(o-.r,y), (T.r,,el.r,jfj,}. 

Thus there is some point ^eCf, such that/(^) = f. Let 
S= {xeCb'.pix, ^) ^ pl2} and define as before n(x) 
= inf [/• ^ :fi{x)€S}. Notice that /(C) C C„ for each 
C(i and for some j so that n{x) is well defined. Also 
let c(x, y) = min {n(x), n{y)}. 

As a second step extend the definition of p as widely 
as possible. That is, define p{x, y) as above wherever 
^xijix is not empty. This of course is true for x, y if 
X and y are in the same /Lt-component Ca- Let now 

p'(x, y)=min {p, p{x, y)} 

with the understanding that p'{x,y) = p if p(::c, y) is 
undefined, and 

p'\x, y) = X^<-^''^)p'(x, y). 



We remark that p" again has the metric properties 
except possibly (3). Moreover exactly as in theorem 3 

p"{f{x)Jiy))^kp"{x,y). 

Finally if we define L"(crjij) in analogy to L{crjij) used 
earlier and set 

p*(x, y) = inf {L"(cr.ri,):<Txu^^jru} 



then p* has the desired properties. A proof of this 
would merely repeat arguments used in theorem 3. 
This construction is also applicable to a /x-u.l.c. be- 
cause the only things required are that there exist a 
fixed point and that the iterates of all points of Ch 
converge to the fixed point. This last follows since/, 
being a p.-u.l.c. preserves p.-chains and a proof like 
that of theorem 2 can be carried through. 

To treat subsets of the form X'^ with /c > 1, notice 
first that Bk and Bi,> are disjoint unless k = k' . If we 
consider a single B^ we can further partition as fol- 
lows: for beBk let b = b{0\ /(6)=/(6(0)) = 6(1), . . ., 
f^-\b(0)) = b{k-\), /^(6(0)) = 6(0). This partitions 
Bk into a class of disjoint subsets of indices each of 
cardinality k. We now further restrict our attention 
to one such subset j^k- In this case it is already true 
that / cannot satisfy the conditions of theorem 2; 
namely, there is no fixed point. We thus restrict 
ourselves to /being a p, X-u.l.c. on {X, p). It follows 
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that /^' is a jlc, X^-u.l.c. on (Cft(o, p); and by theorem 1 
there is a metric pi on Cm) such that /^ is a contrac- 
tion on (Cft(/), pO and hence f^\Cf){i) has a unique fixed 
point f/, i = 0, 1, 2, . . ., k—1. On the other hand 
we also have that p(fi(^i))=fif^(id)=fK^d and so 
fii^i) is a fixed point of /^iC/xo, l-i^j (mod /c). It 
follows that the fixed points of f^ are a unique set of 
periodic points of /. Further for any other points y 
in the components Cbn), {/^'"(y)}^ ^i as ^-> oo and so 
f^^^Ky)^^i^ / = i+7 (mod A:). Finally for the com- 
ponents {Crtiae^J;', be^h}, f^KCa) ^ ChO) for some m 
and some i, and hence for xeCa, /"'^""^-^{x)-^ ^i, 
I = i -\-j (mod k). 
The third case involves those components Ca su(^that 



fHC„)eA-[J B,,j=0, 1, 2, 



It is immediate 



that neither /nor any power of /has any fixed points 
so that there is no possibility for a contraction map. 
Also, since the Co are />t-components, limit points of 
U{Ca:aeC} are limit points of individual components 
and so the components do not converge to any limit. 
The following is an example of this last case: 



Let X be the subset of euchdean 2-space which 
consists of the closed disks d centered at (2", 0) and 
with radii 2-\ n = l, 2, . . . . Let f:Cn^Cn+i 
be defined by 



fix.y)-- 



.2n 



Then /is a (-, 1 



-i- On + l X 

'2. 
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